Abstract -Global Navigation Satellite Systems (GNSS) require the removal of ionospheric-induced range errors for high geolocation accuracy. At the GHz frequencies used by GNSS, ionospheric correction is calculated by perturbative expansion in plasma frequency assuming a vertically stratified [1] or isotropic [2] ionosphere. Currently, these techniques are limited by formal analytic difficulties in calculating ionospheric dispersion along a curved ray path.
INTRODUCTION
The ionosphere is a dispersive medium for RF propagation; wave packets traveling through the ionosphere follow curved trajectories from source to sensor. It is well known from basic RF propagation theory [4] that the ionosphere's frequencydependent dispersion increases phase velocities and decreases group velocities. In particular, lower frequencies experience more dispersion, such that a wave packet's lowest frequencies arrive last with greatest phase advancement. This phenomenology is evident from the following set of equations for index of refraction n, phase velocity v p and group velocity v g in an isotropic plasma:
with α > 0 and where c is the (assumed constant) speed of light through a neutral atmosphere. If ray bending is ignored, then Eqs. (1) provide a complete description of ionospheric dispersion along the geometric (straight-line) path from source to sensor. Dispersion along the geometric path correctly describes the first-order in effect of the ionosphere. For example, the first-order correction to phase advance-given by the phase path difference ∆P-is
where dx is the geometric path, P p ∝ c/v p is phase distance and P g is the geometric distance. However, the neglect of ray bending in the derivation of ∆P is incorrect at order 2 and above. Indeed, we will demonstrate that the relative contribution from ray bending ∼ tan 2 θ where θ is the source-sensor angle measured from zenith. Thus only when tan 2 θ 1 can ray bending be neglected; this result was first derived in [5] although it is incorrectly contradicted in recent statements, e.g. [6] .
In order to account for ray bending in the calculation of phase and group path it is necessary to supplement Eqs. (1) with the additional mathematical constraint that the ray follows the curved path that arrives at the sensor. An analytical formulation of this constraint has proved difficult to obtain. Ross [5] presents a mathematical procedure to implement this constraint at 2nd order, although his work does not appear to be well known to modern investigators. More recently, Gu and Brunner [1] give a formulation of 2nd-order ray bending that involves the ray-normal gradient of index of refraction, based on the earlier work of Moritz [7, 8] . As remarked by Hoque and Jakowski [9] , however, these ionospheric gradients are often not easily estimated. Roussel-Dupre et al. [3] present expressions for group and phase path accurate to 2nd-order for an isotropic ionosphere, but they do not provide the derivation of their results.
Building on the earlier work of Roussel-Dupre et al. [3] , we have developed a new perturbation scheme that overcomes the current mathematical difficulties associated with refractive ray bending. In this short paper, we present exact expressions to 3rd-order in for excess path length in two archetypal ionospheres: a vertically stratified ionosphere is considered first in Sec. 2, followed by an isotropic ionosphere in Sec. 3. Section 4 contains a short summary.
VERTICALLY STRATIFIED IONO-SPHERE
The difference in path length between the curved ray path and the geometric path is given by
where Z S is the source/sensor height, θ(z) is the zenith angle along the curved path, and θ g is the geometric zenith angle of the straight-line path. A unique ray path from source to sensor that traverses an isotropic ionosphere is specified by n
where θ 0 is the zenith launch angle of the ray, and the condition that the ray travels to the sensor:
In Jeffery et al. [10] , we present a new analytic technique to combine Eqs. (4-6) and derive exact perturbative expansion in (x) that include refractive ray bending. The result of this calculation for ∆P bend is stated in Eq. (3) to 3rd order in .
Appropriately, Eq. (3) inherits properties from Eqs. (4-6) that are readily apparent. Firstly, we see that ∆P bend is 2nd order in . As expected, ray bending does not contribute at 1st order to phase advancement and group delay, consistent with Eq. (2) and other classic 1st order results.
Secondly, Eq. (3) has the important property that ∆P bend = 0 for (x) = constant. This restriction on ∆P bend follows from Snell's law where, by definition, a ray trajectory is straight if n is everywhere uniform. To see this property in Eq. (3), we introduce the transionospheric average
Using this notation, ∆P bend can be written in the compact form
Equation (7) reveals two important properties of ∆P bend . As discussed above ∆P bend vanishes for constant . Furthermore, Holder inequalities prove that ∆P bend ≥ 0. Finally, we note that at 2nd order ∆P bend ∼ tan 2 θ g times the slant-path average of 2 . The implication of this result, namely, that ray bending effects can only be neglected when tan 2 θ g 1, is consistent with the early results of Ross [5] , but is contradicted in recent statements, e.g. [6] .
ISOTROPIC IONOSPHERE
Isotropic ionospheres introduce the additional complication that Snell's law contains an explicit rdependence:
where α is zenith angle, α 0 is launch angle, R E is the Earth's radius (i.e. radial altitude of source or sensor), and without loss of generality we assume n(R E ) = 0. Equation (8) is referred to as Bouger's law [4] . Analogous to Eq. (4) in spherical coordinates we have
where
and R S is the above-ionosphere sensor/source radial height. Note that the zenith angle α(r) changes along the straight-line path in spherical coordinates. Finally, we have the mathematical constraint that the ray arrives at the sensor:
where θ is the source/sensor azimuth angle. Following the analytic procedure outlined in Jeffery et al. [10] we arrive at Eq. (10) for ∆P bend to 3rd-order in where
This expression can be compared and contrasted with the recent 2nd-order estimation of ∆P bend by Hoque and Jakowski [2] (their Eq. (23)) who performed a parametric assessment using ray tracing calculations for a large number of geometrical and ionospheric conditions. An important property of our exact expression for ∆P bend is the rapid sin 2 α g decay of ∆P bend as α g → 0; this property is not shared by Hoque and Jakowski's parameterized expression which asymptotes to a constant as α g → 0.
To help compare with the vertically stratified results of Sec. 2, we introduce two transionospheric averages:
and sin 2 α g σ g = 0 † − 0 . With this notation, ∆P bend can be compactly written as
which is analogous to Eq. (7). The important property ∆P bend ≥ 0 follows from standard application of Holder inequalities, after noting that
for all λ since r/ρ g ≥ 1.
SUMMARY
The effect of refractive ray bending on transionospheric propagation has been considered by many authors [1] [2] [3] [4] [5] [7] [8] [9] . A variety of techniques have been brought to bear on this problem, ranging from analytic manipulation for vertically stratified ionospheres [5] , to parameter estimation extracted from ray tracing calculations for isotropic ionospheres [2] . Other approaches appear to involve transverse ionospheric gradients that are not easily estimated [1, 7, 8] . Additional work is based on the questionable assumption that refractive ray bending is negligible at 2nd order, e.g. [6] . We have developed a formal analytic proceduredescribed in detail in [10] -that enables us to derive exact expressions for refractive ray bending, phase advancement, and group delay that are accurate to 3rd-order in (6th order in the ratio of plasma frequency to wave frequency). In this short paper, we present our exact results for excess path length in vertically stratified and isotropic ionospheres. These results highlight the self-consistency of our approach with the underlying equation set, and with the early results of [5] . A rigorous and detailed discussion of all of our results will be available in a lengthy upcoming publication [10] that aims to provide a unified foundation for future work on transionospheric theory and higher order ionospheric effects.
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